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1. INTRODUCTION 
This paper presents new fixed-point results for S-KKM self maps. In particular, our results 
improve and extend those in [l-3]. Also from these fixed-point results we are able to establish 
new Leray-Schauder alternatives for S-KKM maps. In this paper we also introduce the notion of 
essentiality for S-KKM maps and we discuss the normalization and homotopy properties of such 
maps. 
For the remainder of this section, we present some definitions and known results. A nonempty 
subset W of a Hausdorff topological vector space E is said to be admissible if for every compact 
subset K of W and every neighborhood V of 0, there exists a continuous map h : K -+ W with 
z - h(z) E V for all z E K and h(K) is contained in a finite-dimensional subspace of E. W is 
said to be q-admissible if any nonempty compact convex subset R of W is admissible. Let X be 
a nonempty set, Y a nonempty convex subset of a linear space, and Z a topological space. If 
S : X -+ 2’ (here 2y denotes the family of nonempty subsets of Y), T : Y -+ 2’ and F : X ---f 2’ 
are three multifunctions satisfying 
T(coS(A)) C F(A), 
for any A E C(X) (h ere C(X) denotes the class of all nonempty finite subsets of X), then F is 
called a generalized S-KKM map w.r.t. T. T : Y --+ 2 ’ is said to have the S-KKM property if 
for any generalized S-KKM w.r.t. T map F : X -+ 2’, the family 
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has the finite intersection property (the intersection of each finite subfamily is nonempty). We 
let 
S-KKM(X, Y, 2) = {T : Y -+ 2’ : T has the S-KKM property} . 
We now recall the following property from [2] which will be used in Section 2. 
LEMMA 1.1. Let X be a convex subset of a linear space, Y a convex space, and 2, W two 
topological spaces and S : X -+ 2y. If T E S-KKM(X,Y, 2) and f E C(Z, W) (i.e., f is a 
single-valued continuous map) then f T E S-KKM(X, Y, W). 
Next we state a fixed-point result of Chang, Huang and Jeng [I]. 
THEOREM 1.2. Let X be an admissible convex subset of a Hausdorff topological vector space E 
and D a nonempty subset of X. Suppose s : D + X is surjective and T E S-KKM( D, X, X) is 
compact and closed. Then T has a fixed point in X. 
Let (E, d) be a pseudometric space. For S 2 E, let B(S, E) = {z E E : d(z:, S) 5 E}, E > 0, 
where d(z, S) = inf,ey d(z, y). Th e measure of noncompactness of the set M C E is defined by 
a(M) = inf Q(M) where 
Q(M) = {E > 0 : M C B(A, E) for some finite subset A of E}. 
Let E be a locally convex Hausdorff topological vector space, and let P be a defining system 
of seminorms on E. Suppose F : S --+ 2E; here S C E. The map F is said to be a countably - 
P-concentrative mapping if F(S) is b ounded, and for p E P for each countably bounded subset X 
of S we have o+(F(X)) 5 q,(X), and for p E P for each countably bounded non-p-precompact 
subset X of S (i.e., X is not precompact in the pseudonormed space (E,p)) we have c+(F(X)) < 
a,(X); here c+( .) d enotes the measure of noncompactness in the pseudonormed space (E,p). 
REMARK 1.1. In this paper, we can remove the condition that for p E P for each countably 
bounded subset X of S we have a,(F(X)) < cyp(X) in the definition above, provided we assume 
the map F (in Theorem 2.2, Theorem 2.7, and Definition 2.1) maps relatively compact sets into 
relatively compact sets. 
2. FIXED-POINT THEORY 
We begin with some new fixed-point results for S-KKM maps. 
THEOREM 2.1. Let s1 be a q-admissible, closed, convex subset of a Hausdorff topological vector 
space E with xe E R and s : R ---t R surjective. Suppose F E S-KKM(R, s1,0) is closed with the 
following property holding: 
A C R, A = Ei?i ((x0) U F(A)) implies A is compact. (2.1) 
Then F has a fixed point in R. 
PROOF. Consider 3 the family of all closed, convex subsets C of s1 with x0 E C and F(x) C C 
for all x E C. Note 3 # 0 since s1 E 3. Let Co = nce3 C. Notice Ce is nonempty, closed, and 
convex and F : CO -+ 2 co since if x E CO then F(x) c C for all C G 3. Let 
Cl = CO({X~} u F(Co)) (2.2) 
Notice F : Co -+ 2c a together with Ce closed and convex implies Ci C CO. Also F(C1) C 
F(Co) C Ci from (2.2). Thus, Ci is closed and convex with F(C1) c Ci. As a result Ci E 3, so 
CO G Ci. Consequently, 
Co = w({x,} u F(Co)) . (24 
Now (2.1) guarantees that CO is compact, and notice (2.3) implies F(Co) C_,Co. Also, since R is 
q-admissible we have that Ce is admissible. Next let D = s-l(&), and so s : D -+ Ce is surjective. 
A result in [l] guarantees that Fj co E S-KKM(D, Cc, Ce) is closed. Apply Theorem 1.2 to deduce 
that there exists x0 E CO with x0 E F(q). I 
REMARK 2.1. If F in Theorem 2.1 is a P-concentrative map, then clearly (2.1) holds. 
Next we extend Theorem 2.1 to the case when F is countably P-concentrative. 
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THEOREM 2.2. Let fl be a closed, .convex, bounded subset of a Frkchet space E (P is a defining 
system of seminorms) with xc E R and s : IR + R surjective. Suppose F E S-KKM(R, R, Q) is a 
closed, countably P-concentrative map. Then F has a fixed point in R. 
PROOF. Let 
Co = w(F(R) u {x0} -), CL+1 = = (F(G) u {x0}) I n = 0, 1,2, . . . , 
and 
Notice C is closed and convex. In addition, since F is countably P-concentrative taking relatively 
compact sets into relatively compact sets (to see this let K be compact and A = {Fx,}?, 
x, E K for each n, be a sequence in F(K). S ince F is countably P-concentrative we have that A 
is compact. Thus, there exists a sequence N of { 1,2, . . . } and a y E A with F(x,) -+ y as n --+ cc 
in N. Consequently, F(K) is sequentially compact, so compact) we have [4, Theorem 2.21 that C 
is compact. Also C is admissible. Next we claim F(C) 2 C. To see this, we first show 
F(G) u {x0) c CL, for each n E (0, 1,. . . }. 
Certainly it is true if n = 0 since F(Q) C R implies 
(2.4) 
F(G) u {xo) = F (=Wfl) u (x0))) u {xo) C F(R) u {xo) 
c ~6 (F(R) u {x0}) = Co. 
Next assume (2.4) is true for n = k. Then 
Ck+l = w(F(Ck) U (x0)) s =(ck) = c, 
and so 
F(Ck+l) U (20) C J’(G) U {xo) G =(F(G) U {x0)) = ck+l. 
As a result, (2.4) is true. Thus, for each n E (0, 1, . . . }, we have 
F(C) C F(G) C F(G) u (20) c_ G, 
and so F(C) E C. Let D = s-r(C) and notice Flc E S-KKM(D,C,C) is closed. Apply 
Theorem 1.2. I 
REMARK 2.2. F countable P-concentrative could be replaced in Theorem 2.2 by F countably 
condensing in the sense of [4, pp. 353,356]. 
Our next four theorems relax condition (2.1). 
THEOREM 2.3. Let s1 be a q-admissible closed, convex subset of a Hausdorff topological vector 
space E with xc E R and s : Cl + R surjective. Suppose F E S-KKM(R, 0,0) is closed and 
satisfies the following properties: 
A c 0, A = co ((x0) U F(A)) implies A is compact 
and 
F (A) G F(A) f or any relatively compact subset A of 0. 




Do = {xo), Dn = co ({x0) u F(Dn-I)) , for n = 1,2,. . , 
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and 
D, = E D,. 
n=O 
Now for n = 0, 1, . . . notice D, is convex. Also by induction, we see that 
Do 2 D1 & . . c D,-1 c D, . . C_ R. 
Consequently, D, is convex. It is also immediate since (Dn) is increasing that 
D, = ij co ((20) u Q&-I)) = co({xo} u WD,)). 
n=l 
(2.7) 
This together with (2.5) implies that D, is compact. From (2.7) we have F(D,) 2 D,, and 
this together with (2.6) yields 
F (&a) C J’(k) C_ &a. 
Now since R is q-admissible we have that D, is admissible. Let D = s-r(Djoo) and notice 
FID_ E S-KKM(D, D,, DM) is closed. Now apply Theorem 1.2. I 
Our next theorem relaxes condition (2.6) for a subclass A of S-KKM. 
THEOREM 2.4. Let R be a q-admissible closed, convex subset of a Hausdorff topological vector 
space E with x0 E 0 and s : Q + R surjective. Suppose F E d(R, R, !Z) is a closed map with (2.5) 
holding. In addition, assume the following condition is satisfied: 
for any relatively compact, convex subset A of R we 
have F* E s-KKM(s-~ (A) ,A.,A) if F*(x) # 8 
for x E A; here F*(x) = F(x) CI 2 for x E A. 
Then F has a fixed point in R. 
PROOF. Let D,, n. = 0, 1, . . . , and D, be as in Theorem 2.3 and notice 
D, = co({xo) u F(Dm)), D, is convex and compact, and F(D,) C D,. 
Also D, is admissible since 0 is q-admissible. Let 
F*(X) = F(x) n D,. 
(23) 
We first show F* : D, -+ 20m ; i.e., we show F*(x) # 0 for each x E D,. To see this it is 
enough to show D, C Fml(DM). Indeed if x E D,,, then x, 4 x for some net (x~) in D,. 
Take any ya E F(x,). Since F(D,) C D, we have yol E D, s 0,. The compactness of D, 
guarantees that we may assume without loss of generality that ya -+ y for some y E D,. Since 
(x,, ya) E graph F and graph F is closed, we have (x, y) E graph F: Thus, y E F(x) n D,; 
i.e., x E F-l(D,). As a result D, C_ F-l(D,) so F* : D, -+ 2Om. Also notice graph F* 
is closed so F* : D, --f 2Dm is a closed map. Let D = sV1(Dm). Notice (2.8) implies F* E 
S-KKM(D, D,, Dm). Apply Theorem 1.2. I 
We are now in a position to present Mijnch type results for S-KKM maps. 
THEOREM 2.5. Let R be a q-admissible closed, convex subset of a Hausdorff topological vector 
space E with x0 E R and s : R ---f 0 surjective. Suppose F E S-KKM(R, R,0) is closed, 
satisfies (2.6) and the following properties: 
F maps compact sets into relatively compact sets; 
A c R, A = co({xs} U F(A)) with A = c 
and C 2 A countable, implies A is compact; 
for any relatively compact subset A of Q there 
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and 
if A is a compact subset of R then =‘(A) is compact. 
Then F has a fixed point in R. 
(2.12) 
PROOF. Let D,, n = 0, 1, . . , and D, be as in Theorem 2.3 and we have D, convex with 
Dm = co({xo} u F(L)). (2.13) 
It is easy to see (use induction with (2.9) and (2.12)) that D, is relatively compact for n = 0, 1, . . . . 
Now (2.11) implies that for each n E {O,l,. . . } there exists C, with C, countable, C, C D,, 
and C, = D,. Let C, = Ur=“=, C,. Now since 
fi D, E fi & C fi D,, 
n=O n=O n=O 
we have 
i=j l&= 6 D,=D, and 
n=O n=O n=O n=o n=O 
Thus, Cm = D,. This together with (2.10) and (2.13) implies that D, is compact. From (2.13) 
we have F(D,) c D, and this together with (2.6) yields F(D,) 2 D,. Let D = sV1(Dm) 
and notice F[D, E S-KKM(D, D,, Dm) is closed. Apply Theorem 1.2. I 
Again it is possible to relax condition (2.6) for the subclass A. 
THEOREM 2.6. Let fl be a q-admissible closed, convex subset of a Hausdorff topological vec- 
tor space E with xc E R and s : R -+ R surjective. Suppose F E d(QR, 0) is closed and 
satisfies (2.8)-(2.12). Then F has a fixed point in R. 
PROOF. Let D,, C, (n=O,l,... ), D,, and C, be as in Theorem 2.5, and note 
D, = CO({ZO} u F(D,)), C, = D,, with C, countable, (2.14) 
and D, is compact from (2.10). Let F*(x) = F(z) II D, and D = s-l ( DW). Essentially, the 
same reasoning as in Theorem 2.4 establishes the result. I 
All the fixed point results for self-maps in this section generate Leray-Schauder alternatives for 
S-KKM maps. We begin with a Leray-Schauder alternative for countably P-concentrative maps. 
THEOREM 2.7. Let E be a Frechet space (P a defining system of seminorms), C a closed, convex 
subset of E, U 2 C an open convex bounded subset of E with 0 E U, and s : 0 -+ 0 surjective. 
Suppose F E S-KKM(u, 0, C) is an upper semicontinuous countably P-concentrative map with 
closed values. Also assume 
x $ XF(x), for x E XJ and X E (0,l). (2.15) 
Then F has a fixed point in 0. 
PROOF. Let p be the Minkowski functional on 0 and let r : E + 0 be given by 
r(x) = max{: p(x)] ’ 
for x E E. 
Let G = r/CF, and notice G : 0 -+ 2’. In addition, Lemma 1.1 implies that G E S- 
KKM(u, 0, u). Also [5, pp. 465,470] implies that G E S-KKM(u, o,o) is closed. Next we 
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show G is countably P-concentrative. To see this, consider p E P and a countably bounded 
non-p-precompact subset fi of 0. Then since 
GW c r F(R) c CO(F(R) u {o)), 
we have q,(G(fi)) 5 %(FW) < %Jw w e can now apply Theorem 2.2, and we deduce 
that there exists z E u with 5 E G(z) = r&‘(z). Th us, x = r(y) for some y E F(z); here 
x E D = U U dU (note intc U = U since U is also open in C). Now either y E 0 or y $ u. 
If y E 0, then r(y) = y so x = y E F(z), and we are finished. If y $ 0 then r(y) = y/p(y) 
with p(y) > 1. Then x = X y (i.e., 2 E xF(x)) with 0 < X = l/p(y) < 1. This, of course, 
contradicts (2.15). I 
THEOREM 2.8. Let E be a locally convex Hausdorff topological vector space, C a closed, convex 
subset of E, U C C an open convex subset of E with 0 E U, and s : R + R surjective. Suppose 
F E S-KKM(U, 0, C) IS an upper semicontinuous map with closed values and satisfies (2.15). 
Also, assume the following condition holds: 
A c 0, A C m({O} U F(A)) implies a is compact. (2.16) 
Then F has a fixed point in 8. 
PROOF. Let IL, r, and G be as in Theorem 2.7 and we note that G E S-KKM(o, 0, u) is closed. 
Next we claim 
if A C 0 and A L W({O} U G(A)), then A is compact. (2.17) 
To see this notice if A C u and A C E({O} U r F (A)), then since r(B) C co(B U (0)) for any 
subset B of E, we have 
A c_ ~((0) u co(F(A) u (0))) = w(co(F(A) u (0))) = z(F(A) u (0)). 
Now (2.16) implies A is compact, so (2.17) holds. Apply Theorem 2.1, and we deduce that there 
exists x E 0 with x E G(s). The same argument as in Theorem 2.7 finishes the proof. I 
REMARK 2.3. 
(i) It is easy to use Theorems 2.3-2.6 to obtain other nonlinear alternatives of Leray-Schauder 
type. The statements and proofs involve minor adjustments of the analogue results in [6]. 
We leave the details to the reader. 
(ii) It is also possible to use the ideas in [6] to obtain a Furi-Pera type theorem for a subclass 
of S-KKM maps. 
We next present an essential map approach for a subclass of S-KKM maps. In the next 
three definitions and two theorems, we will assume E is a Frkchet space (P a defining system of 
seminorms), C a closed convex subset of E, U s C an open bounded subset of E, 0 E U and 
s : 0 -t 0 surjective. We will consider a subclass R of S-KKM maps (we assume for appropriate 
spaces that if F E R(X1, X2) and f E C(Xz,Xl) then f o F E S-KKM(X1,X1,X1)). 
DEFINITION 2.1. We let F E M(o,C) d enote the set of upper semicontinuous, countably 
P-concentrative maps F E R(U, C) with nonempty compact values. 
DEFINITION 2.2. We let F E Mau(o, C) if F E M(U, C) with z $ F(z) for x E XJ; here, of 
course, 8U denotes the boundary of U in C. 
DEFINITION 2.3. A map F E Mau(u,C) IS essential in Mau (0, C) if for every G E Mau (6, C) 
with Glau = &‘/au there exists x E U with 2 E G (x). 
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THEOREM 2.9. NORMALIZATION. Let E, C, U, s be as above with in addition U convex. Then 
the zero map is essential in Mau(o, C). 
PROOF. Let 0 E M~u(O,C) with .9 err = (0). We must show there exists IC E U with 2 E 19(z). 
Let ,LL and r be as in Theorem 2.7, and consider G = T]C 0. Notice G E S-KKM(u, 8, a) is 
closed and is countably P-concentrative. Theorem 2.2 guarantees that there exists 2 E u with 
1: E G(z) = T@(X). Thus, z = T(Y) for some y E F 2. Suppose z E 8U. Then p(z) = 1 and so 
Thus, p(y) 2 1 and so x = T(Y) = y/p(y). This implies 
x E x0(x) = {0}, since elau = (0); 1 here X = -. 
P(Y) 
This is a contradiction since 0 E U. As a result z E U. This implies p(z) < 1. Consequently, 
1 > P(X) = cL(T(Y)) = m~~~y~(y)) 7 
9 
and so p(y) < 1. Thus, r(y) = y, so 2 = y E e(z) and we are finished. I 
REMARK 2.4. If U is not convex we can also obtain a normalization property in the spirit of [7]. 
Our next result improves in some sense Theorem 2.7. 
THEOREM 2.10. HOMOTOPY. Let E, C, U, and s be as above with U convex. Suppose F E 
M(o, C) and assume the following conditions are satisfied: 
x$XFx, for every x E 6’U and X E (O,l], (2.18) 
and 
for any continuous function p : C -+ [0, l] and 
any map H E M (0, C) wehavepHER(U,C). 
(2.19) 
Then F is essential in Mav( u, C) . 
PROOF. Let H E Mau(U,C) with HJ au = Flaw. We must show H has a fixed point in U. Let 
B={rc~~:x~XH(x)forsome~~[O,l]}. 
Now B # @ is closed (and in fact sequentially compact so compact). In addition B n dU = 0 
since (2.18) holds and HI au = F/au and 0 E U. Th us, there exists a continuous p : C --+ [0, l] 
with p(6’U) = 0 and p(B) = 1. Define a map R by R(x) = p(z) H(z). Now R E R(o, C) 
by (2.19) and it is easy to check that R E M(6,C). Also notice Rlaa = (0). Then since 
R E Mau@,C) with Rlau = {0}, we have from Theorem 2.9 that there exists x E U with 
3: E Rx. Thus, x E B and so p(x) = 1. As a result, 5 E H(z). I 
In the next three definitions, E will be a locally convex Hausdorff topological vector space, C a 
closed convex.subset of E, U c C an open subset of E, 0 E U and s : D -+ rf surjective. 
DEFINITION 2.4. We let F E D(u, C) d enote the set of upper semicontinuous F E R(o, C) with 
nonempty compact values and which satisfy condition (C) (i.e., if A 2 u and A C W({O}UF(A)) 
then A is compact). 
DEFINITION 2.5. We let F E Dau(U, C) if F E D(u, C) with x $ F(x) for x E XJ. 
DEFINITION 2.6. A map F E Dau(O,C) is essential in Dau (l?, C) if for every G E Dau( fi, C) 
with G/au = FJau there exists x E U with x E G (x). 
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THEOREM 2.11. NORMALIZATION. Let E, C, U, s be as above. Then the zero map is essential 
in DxJ(U, C). 
PROOF. Let B E Dau(o, C) with 13lau = (0). Let p and T be as in Theorem 2.7, and consider 
G = TIC 8. Notice (as in Theorem 2.8) that G E S-KKM(O, o,o) is closed and if A C l? with 
A C 5((O) U G(A)), then 
A c m({O} u co({O} u B(A))) = c6({0} u B(A)), 
and so A is compact. Theorem 2.1 guarantees that there exists z E 0 with z E T e(x). The same 
argument as in Theorem 2.9 finishes the proof. I 
THEOREM 2.12. HOMOTOPY. Let E, C, U, and s be as above. Suppose F E D(a,C) and 
assume (2.18) and the following hold: 
for any continuous function p : C -+ [0, l] and 
any map H E D (ii, C) wehavepHER(O,C). 
(2.20) 
Then F is essential in Da,y (0, C) . 
PROOF. Essentially the same reasoning as in Theorem 2.10 establishes the result. We need only 
note that 
(i) B is compact (this is clear since B & co(H(B) U (0)) and H E Dau(f?, C)), and 
(ii) R satisfies condition (C) (note if A & 0 and A 5 W({O} U R(A)) then A 5 @{O} U 
co({O} u H(A))) = ~((0) u H(A))). I 
REMARK 2.5. It is possible to replace condition (C) in Definition 2.4 with either 
if A c 0 and A c co({O} U F(A)) implies 21 is compact 
or 
if A C u, A 2 co({O} U F(A)) with A = (?’ 
and C c A countable implies A is compact, 
and one could obtain results similar to Theorems 2.11 and 2.12. Of course, conditions have to be 
placed so that we can apply Theorems 2.3-2.6. 
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